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The initial conditions of the point mass are given by

xi = n , zi = 0, Çxi = 0, Çzi = 0 (27)

where n is a small perturbation in xi . The objective is to derive
the small perturbationequations of motion for the point mass using
variations.

Taking the time-� xed variation of Eqs. (22) leads to

˜d ẍ ¡ 2x ˜d Çz ¡ x 2 ˜d x + l [(r 3 ˜d x ¡ x3r 2 ˜d r )/ r 6] = 0

˜d z̈ + 2 x ˜d Çx ¡ x 2 ˜d z + l r 3 ˜d z ¡ (z ¡ r0)3r 2 ˜d r r 6 = 0 (28)

where

˜d r = [x ˜d x + (z ¡ r0 ) ˜d z]/ r (29)

Next, the coef� cientsof the variationsare evaluatedon the reference
orbit (x = z = 0 and r = r0) so that ˜d r = ¡ ˜d z, and the CW equations
become

d2

dt 2
˜d x ¡ 2 x

d

dt
˜d z = 0,

d2

dt 2
˜d z + 2 x

d

dt
˜d x ¡ 3x 2 ˜d z = 0

(30)

Finally, the initialconditionsareobtainedby taking the time-� xed
variation of Eq. (27) and are given by

( ˜d x )i = d n , ( ˜d z)i = 0, ( ˜d Çx )i = 0, ( ˜d Çz)i = 0 (31)

If second-order terms are needed, they can be obtained by taking
the variationof Eqs. (28) and (31) with ˜d (d n ) = 0. Once the various-
order solutions have been obtained, the overall solution is given by

x ¤ = x + ˜d x + 1
2!

˜d 2x +¢ ¢ ¢ , z ¤ = z + ˜d z + 1
2!

˜d 2z +¢ ¢ ¢ (32)

where x and z are zero.

Conclusions
The equations de� ning the various-order solutions of a problem

in the realm of regular perturbation theory have been derived by
using Taylor series expansions and by using variational calculus.
It has been shown that the two approaches are equivalent and that
the variational approach is easier to use. Variational calculus only
requiresdifferentiation,and the equationsfor higher-ordersolutions
can be obtained from earlier-order equations. The same comments
apply to perturbation problems involving perturbed initial condi-
tions. Although variational calculus has only been discussed for
initial-value problems, it also applies to boundary-valueproblems,
but both time-� xed and time-free variations as well as the relation-
ship between them are required. In fact, variationalcalculus applies
to all problems involving neighboring curves or surfaces, for that
matter.
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Introduction

T HE merit of a penetrator is often assessed by a relatively
short list of metrics that typically includes parameters such

as terminal velocity, penetrator weight, cost, system accuracy, etc.
Of these parameters, system accuracy is usually near the top of
the list in terms of importance and of signi� cant concern during
weapon system development. Given two identical weapon systems
with the exception of accuracy, the system with superior accuracy
enjoys a distinct advantage on the battle� eld. A system with im-
proved accuracy can engage targets at a greater range and obtain
the same probability of hit, providing the tank commander with in-
creased � exibility during an engagement. Alternatively, a system
with better accuracy will register more � rst volley hits at the same
range, reducing the counter� re threat. Furthermore, a gun system
with superior accuracy ultimately requires fewer shots to achieve
mission objectives, hence inducing less burden on the logistics
pipeline.

The initial state of a projectile as it exits the gun muzzle and
enters free � ight can be viewed as a random process. The random
nature of the initial free-� ight state stems from many effects but
perhaps most notably from gun tube and projectile manufacturing
tolerances combined with resulting gun tube and projectile vibra-
tion. As the projectile � ies downrange, these uncertainties, along
with aerodynamic disturbances along the trajectory, map into dis-
persion at the target. A designer can take two basic approaches
toward improving accuracy, that is, reduce the variability of pro-
jectile initial free-� ight conditions or reduce the sensitivity of the
projectile trajectory to initial free-� ight conditions. One way to at-
tack this problem using the latter approach is to replace the rigid
wind screen with a passive gimballed nose. If the pivot point of the
nose section is forward of the nose aerodynamic center, then the
nose will tend to rotate into the relative wind and subsequently
reduce aerodynamic jump caused by projectile normal force. A
passive gimballed nose projectile is an attractive design modi� -
cation because it is a relatively simple mechanism that requires
no active electronic controls. Furthermore, for many penetrator de-
signs, the nose cone is empty and could easily house the gimbal
joint.

Early in the developmentof controlled rockets, the notion of uti-
lizinga movablenose to controlthe trajectoryof a projectileactively
was established.1 Goddard obtained a patent that outlined the basic
concept. More recently, Barrett and Stutts2 further developed this
concept.The movablenose concepthas also been investigatedin un-
guided projectile applications as well. Kranz3 obtained a patent for
a telescopic gimballed nose on a high-velocity aerodynamic body.
Schmidt and Donovan4 developed a simple closed-form solution
for an effective CL a and CM a for a movable nose projectile con� g-
uration that is based on projectile linear theory.5 A limited number
of prototype projectiles were � red, and range data were reduced to
estimate aerodynamiccoef� cients. The work reported here extends
the previouswork mentionedby simulating the exterior ballisticsof
a gimballed nose projectile in atmospheric � ight and subsequently
comparing impact point dispersion statistics with a similarly sized
rigid projectile.
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Fig. 1 Schematic of the gimballed nose projectile con� guration.

Gimbal Nose Projectile Dynamic Model
A schematic of the gimballed nose projectile con� guration is

shown in Fig. 1. The gimballed nose projectile consists of forward
and aft projectile sections. The con� guration possesses three posi-
tion degrees of freedom, which are the inertial position components
of the mass center of the composite body described in an inertial
reference frame. A total of six degrees of freedom describe the aft
and forward body orientation. The orientation of the aft projectile
is obtained through a sequence of three body-� xed rotations. Start-
ing from an inertial coordinate system, the aft body is successively
rotated through Euler yaw, pitch, and roll angles to arrive at its
� nal orientation in space. The forward body orientation is also ob-
tained by a sequence of three body-�xed rotations. Starting from
the aft body reference frame, the forward body is successively ro-
tated through Euler yaw, pitch, and roll angles to arrive at its � nal
orientation in space. With these de� nitions, a rigid projectile con-
� guration is realized when the forward body Euler angles are zero,
u F = h F = w F = 0. The velocityvectorcomponentsof the mass cen-
ter of thecompositebodyarede� ned in the aft body referenceframe,
and the resulting translational kinematic differential equations are
given by

Çx

Çy

Çz
= [TA]

u

v

w

(1)

Equation (1) contains the transformation matrix from the aft body
reference frame to the inertial reference frame, TA . The transforma-
tion from the forwardbody referenceframe to the aft body reference
frame is TF .

The angular velocity vector expressions for the aft and forward
bodies, respectively,with respect to an inertial reference frame are

! A / I = pA iA + qA jA + rAkA (2)

!F / I = pF iF + qF jF + rF kF (3)

With these de� nitions, the rotational kinematic differential equa-
tions are given by

Çu A

Çh A

Çw A

=

1 s u A th A c u A th A

0 c u A ¡ s u A

0 s u A / ch A c u A /ch A

pA

qA

rA

(4)

Çu F

Çh F

Çw F

=

1 su F th F c u F th F

0 c u F ¡ su F

0 su F / ch F cu F /ch F

pF

qF

rF

¡ TF
T

pA

qA

rA

(5)

The translation dynamic equations for the mass center of the com-
posite body are given by

Çu

Çv

Çw
=

0 rA ¡ qA

¡ rA 0 pA

qA ¡ pA 0

u

v

w

+
1

m A + m F

X

Y

Z

(6)

In Eq. (6), the � rst term on the right-hand side utilizes the aft body
angular velocity components in the cross product operator because
the compositebody mass center velocity components are de� ned in
the aft body reference frame. The total applied force vector compo-
nents are given in the aft body reference frame.

The rotationaldynamics of the forward and aft projectile sections
are derived by � rst splitting the system at the gimbal joint, which
exposes the constraint forces and moments at the joint. As shown
in Eq. (7), by subtracting the force balanceof both bodies, the com-
ponents of the constraint force in the aft body coordinate system
can be written in terms of the rotational state variables and their
derivatives:

XC

YC

ZC

= AA

ÇpA

ÇqA

ÇrA

+ AF

ÇpF

ÇqF

ÇrF

+ {BAF } (7)

where

AA = [m Am F / (m A + m F )]S q A (8)

AF = [m AmF / (m A + m F )]TF Sq F (9)

BAF =
mF

m A + m F

X A

YA

Z A

¡
m A

m A + m F
TF

X F

YF

Z F

+
m AmF

m A + m F
Sx A S x A

q AX

q AY

q AZ

¡ TF Sx F Sx F

q FX

q FY

q FZ

(10)

where S(¢ ) denotes the cross product operator.6

The constraint moment at the gimbal joint is generated by fric-
tion in the joint and potentially by geometric interference between
the nose and main projectile body when the total angle between
the nose and projectile axes of symmetry exceeds a speci� c value.
Gimbal joint friction is modeled as viscous damping. The gimbal
joint friction constraint moment is proportional to the difference
in angular velocity between the two projectile body components.
Geometric interference is modeled as a stiff linear torsion spring
with dead band. The dead band region corresponds to the rotational
envelope of the nose with respect to the main projectile body. The
gimbal nose geometric interference constraint moment magnitude
is proportional to the angle between iA and iF , denoted a g , and is
computed using

a g = cos ¡ 1(cos h F cos w F ) (11)

The direction of this moment is perpendicular to the plane formed
by iA and iF . Equation (12) provides an expression for the gimbal
joint constraint moment:

LC

MC

NC

= Kg
Mg

sin2(h F ) + cos2(h F ) sin2( w F )

£
0

¡ sin(h F )

¡ cos(h F ) sin( w F )

+ Cg

d p

d q

d r

(12)

where

Mg =
0 a g · a ¤

Kg( a g ¡ a ¤ ) a g > a ¤ (13)

d p

d q

d r

=

pA

qA

rA

¡ [TF ]
pF

qF

rF

(14)
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The � rst term in Eq. (12) is the geometric interferenceconstraint
moment whereas the second term represents the friction constraint
moment. Notice that when iA and iF are aligned (a g = 0), the inter-
ference constraint moment is singular. Fortunately, this singularity
is avoided because the gimbal joint interferenceconstraintmoment
is zero in this case.

The rotationaldynamicequationsof the aft and forwardprojectile
bodies, respectively, are given by

IA

ÇpA

ÇqA

ÇrA

+ Sx A IA

pA

qA

rA

= ¡
LC

MC

NC

+
L A

MA

NA

+ Sq A

XC

YC

ZC

(15)

TF IF

ÇpF

ÇqF

ÇrF

+ TF Sx F IF

pF

qF

rF

=

LC

MC

NC

+ TF

L F

MF

NF

¡ TF S ˜q F

XC

YC

ZC

(16)

By the substituting of the constraint force and moment expressions
into Eqs. (15) and (16), the � nal form of the rotational dynamic
equations is obtained and expressed as

IA ¡ Sq A AA ¡ S q A AF

TF S ˜q F AA TF IF + TF S ˜q F AF

ÇpA

ÇqA

ÇrA

ÇpF

ÇqF

ÇrF

=

gA X

gAY

gAZ

gFX

gFY

gFZ

(17)

where

{gA} = ¡ Sx A IA

pA

qA

rA

¡
LC

MC

NC

+

L A

MA

NA

+ Sq A{BAF } (18)

{gF } = ¡ TF Sx F IF

pF

qF

rF

+
LC

MC

NC

+ TF

L F

MF

NF

¡ TF S ˜q F{BAF } (19)

Collectively, Eqs. (1), (4–6), and (17) constitute the gimbal nose
projectile dynamic model.

The total external load acting on the composite body is due to
weight and steady aerodynamic forces on both the forward and aft
body projectile components. The weight force components in the
aft body reference frame is given by

XG

YG

ZG

= (m A + m F )g

¡ sh A

ch A s u A

ch A c u A

(20)

The steady aerodynamic force on the aft body is provided by

X A

YA

Z A

= ¡
1

2
q

p D2

4

£

C A
X O + C A

X2

v2 + w 2

p
u2 + v2 + w2

(u2 + v2 + w 2 )

C A
N a

v
p

u2 + v2 + w2

C A
N a

w
p

u2 + v2 + w 2

(21)

Expressions for the forward body aerodynamic forces take on the
same form as Eq. (21). Aerodynamic coef� cients in Eq. (21) de-
pend on local Mach number at the projectile mass center and are
computed using linear interpolation from tabulated data. The right-
hand-side terms in Eq. (17) contain the external moments acting
on each section of the projectile. These equations contain contribu-
tions from steady and unsteady aerodynamics. The steady aerody-
namic moments are computed for each individual body with a cross
product between the steady body aerodynamic force vector and the
distance vector from the center of gravity to the center of pres-
sure. The unsteady body aerodynamicmoments provide a damping
source for projectile angular motion and are given for the forward
body by

L F
U A

M F
U A

N F
U A

= q̃a D

C F
D D +

pF DC F
L P

2V
qF DC F

M Q

2V
rF DC F

N R

2V

(22)

where

q̃a = 1
8
q (u2 + v2 + w 2) p D2 (23)

The expressionfor the aft section takes on similar form. Air density
is computed using the center of gravity position of the projectile in
concertwith the standardatmosphere.Finally, the totalaerodynamic
angle of attack of the aft section is de� ned,

a A = tan ¡ 1 v2 + w 2 u (24)

The aerodynamicangleof attack of the forwardbody is computedin
the same manner except the velocity componentsare � rst converted
to the forward body reference frame.

Results
The equations of motion for the nine-degree-of-freedom gimbal

nose projectile model discussed and a six-degree-of-freedomrigid
projectile model7 were numerically integrated to obtain simulated
impact points at 1 and 3 km. The simulation results that follow
use a generic 120-mm-long rod penetrator with a mass of 3.2 kg.
The muzzle velocity of the projectile is 1700 m/s launched at a
quadrant elevation angle of 5 deg. The equations of motion were
integrated using a fourth-order Runge–Kutta scheme with a time
step of 0.000001 s.

Dispersion at the target was created through Monte Carlo simu-
lation of the initial pitch and yaw rate of the projectile. The initial
pitch and yaw rates were modeled as independentGaussian random

Fig. 2 Impact point dispersion at 1-km range.
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Fig. 3 Impact point dispersion at 3-km range.

variables with a mean of zero and standard deviation of 3 rad/s. A
sample size of 50 simulations was used in computing impact point
dispersion statistics. Figures 2 and 3 show the Monte Carlo simula-
tion impact points for the baseline rigid and gimbal nose projectile
con� gurationsat a range of 1 and 3 km, respectively.In both charts,
the circles correspond to a region such that 66% of the shot impacts
fall within the circle.The largedashedcircle correspondsto the rigid
projectile whereas the small solid circle corresponds to the gimbal
nose con� guration. The dispersion circle radii for the rigid projec-
tile at 1 and 3 km is 1.1 and 3.3 m whereas the dispersion circle
radii for the gimbal nose projectile at 1 and 3 km is 0.5 and 1.4 m,
respectively.Notice that the mean impact point of the two projectile
con� gurations is different. The ratio of the dispersion circle radius
for the gimbal nose to rigid projectile con� guration is 0.43 and is
independent of range. Thus, for the example penetrator projectile
equippedwith a gimbal nose, dispersionat any rangecan be reduced
by a factor of 0.43.

Conclusions
A penetrator projectile equipped with a gimbal nose wind screen

has the potential to reduce impact point dispersion drastically. By
the mounting of the gimbal joint forward of the nose aerodynamic
center, the nose tends to turn into the wind and reduces the sensi-
tivity of the trajectory to launch disturbances. In the example case
considered,impact point dispersionwas reducedby more than 50%.
The mean impact point of the rigid and gimbal nose projectile con-
� gurationsare different,which will require � re control system logic
to be modi� ed depending on the particular projectile con� guration
being launched.
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Introduction

A BAND-LIMITED actuator/sensor selection methodology for
disturbance rejection was previouslydeveloped.1 Unlike prior

methods,which emphasizeddisturbancerejectionin selectingtrans-
ducers that couplebest to modes presentin the performancepath,2 ¡ 6

the methodology proposed by Clark and Cox1 serves to further im-
pose a penalty on the selection of transducer pairs that couple well
to modes beyond the identi� ed bandwidth of interest, creating a
“natural” roll off in the frequencyresponse from the selected spatial
aperturesof the transducers.In a more recent publicationSmith and
Clark4 proposeda modi� cation to the performancemetric identi� ed
byClarkandCox, providinga mechanismfor selectivelyidentifying
modes to be controlled and modes to be ignored. Transducer pairs
are chosen from a predeterminedset based upon their selectivecou-
pling to identi� ed modes for performance and lack of coupling to
all other modes included in the model.

All of thesedesign approachesare derivedfrom the originalwork
used in selecting actuator and sensor locations from a predeter-
mined set of candidate locations based upon the Hankel singular
values of the controllability and observabilityGramians of � exible
structures.7,8 Within the original formulation, the actuator/sensor
selection methodologywas based entirelyupon the Hankel singular
values of the control path Pyu for some � nite set of modes and some
predeterminedset of actuatorsand sensors.7,8 Later revisions to this
method have included a weighting of the Hankel singular values of
the control path Pyu by that of the Hankel singularvalues of the per-
formance path Pzw (Refs. 2 and 3). In the most recent extensionsthe
actuator/sensor selection methodology based upon the disturbance
rejection approach was modi� ed with an additionalmetric aimed at
robustness with respect to modes not targeted in the performance
metric.1,4

A method of rank-ordering transducer pairs for control results
from all of the design approachesis described.1 ¡ 8 Although the per-
formance metrics allow the designer to select the best single-input,
single-output(SISO) transducerpair from the predetermined target
set, if more than one transducerpair is desired a multi-input, multi-
output (MIMO) metric must be applied. The purpose of this Note
is to introduce the MIMO design procedure and distinguish it from
the SISO design approach. As will be demonstrated by example,
one cannot simply select the rank-ordered SISO transducer pairs
for the MIMO application when both in-bandwidth coupling and
out-of-bandwidthroll off are part of the performance metric.

MIMO Band-Limited Placement Metric
for Disturbance Rejection

For convenience the design problem can be cast in the standard
two-portmodel as shown in Fig. 1. The upper transfermatrix Pzw (s)
represents the path from disturbancesw (s) to a measure of the sys-
tem performance z(s). This path is determined by the de� nition of
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